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Abstract

Within the framework of the linearized field equations of gravitation, the interaction
operators between a quantum mechanical system and an external gravitational field are
derived from the general-covariant Klein-Gordon and Dirac equation. In the case of
linearly polarized plane gravitational waves the transition probabilities for absorption
and induced and spontaneous emission of gravitational radiation by a quantum
mechanical harmonic oscillator are calculated with the help of the time-dependent
perturbation method. The results coincide with the classical ones according to the
correspondence principle.

1. Introduction

Most previous investigations of the interaction of gravitational waves with
matter have been performed within the framework of classical mechanics
(cf., e.g., Weber, 1960; Frehland, 1971; Papapetrou, 1972). On the other
hand, it is to be expected that especially at low temperatures quantum
mechanical effects play a role in the excitation of a material system by
external gravitational waves. Therefore in this work we will discuss the
interaction of gravitational waves with a quantum mechanical system.
Certainly for high excitation states the results should correspond to the
classical ones asymptotically, so that these get a further foundation by the
following investigation also. The gravitational waves are treated within the
linearized field equations of Einstein’s theory of gravitation; as quantum
mechanical system we choose an ideal harmonic oscillator, the internal
potential of which will not be modified by the external gravitational fields.

At first the interaction operator between a quantum mechanical system
and a linearized gravitational field will be derived from the general-covariant
Klein-Gordon and Dirac theories, respectively. Subsequently we go over to
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394 N. GRAFE AND H. DEHNEN

the nonrelativistic Schrodinger equation and calculate the excitation of an
ideal linear harmonic oscillator by a plane linearly polarized gravitational
wave with the use of the time-dependent perturbation method. This may be
justified in view of the fact that the deviations of the metric from that of
the flat space-time will be considered as small.

In this way the transition probabilities for absorption and induced
emission of gravitational radiation by an oscillator are obtained including
the selection rules. From these the transition probabilities for spontaneous
emission of gravitational radiation can be deduced by a consideration
analogous to that of Einstein for the electromagnetic case. We find that the
transition probabilities are determined by the matrix elements of the mass-
quadrupole operator of the oscillator and that the selection rule for the
quantum number # is given by An = 12 corresponding to the quadrupole
interaction of the gravitational radiation. According to this the total gravita-
tional radiation energy absorbed by an oscillator with time will increase
linearly with the quantum number . Thus a highly excited oscillator seems
to be more appropriate for detection of (in general weak) gravitational
radiation than oscillators in the ground and the lower excited states.

2. Interaction Operator According to the Klein-Gordon Theory

We start from the general-covariant Klein-Gordon equation (cf., e.g.,
Schmutzer, 1968), which takes in case of the signature + 2 for the metric of
space-time the form!

Wy, — 2i(e/ne)A W — i(e/he)AM ), ¥ — (efnc)* A APV — (mc/hY ¥ =0
@.1)

Here A, is the electromagnetic four-potential, to which the particle described
by the wave function W is exposed (1 is the rest mass and e is the charge of
the particle). With the use of the Lorentz convention

ARy, =0 (2.1a)
Equation (2.1) simplifies to
(&) + 8Ty — 2ile/he)g™ A, T, — (efhc)? A, AM
— (me/hy* ¥ =0 (2.2)

where the covariant derivative is written out. Insertion of the definition of
the Christoffel symbols I'};, and execution of the derivative of the first term
yields

£ 1+ Boo 1p — Zou 10)€ 8 U\ — 2i(e/h)g AV,
~ (e/hc)*g* A,4,% — (mc/n)* ¥ =0 (2.3)

1 |v signifies the covariant and |v the ordinary partial derivative with respect to the
coordinate X7
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Furthermore we use the metric of space-time in linear approximation
with respect to the flat one?:

S = Myt hyyy 8P = 4 4%P

+1 0 (2.4)

<1, 17%1<l 0y, n*f= +1
+1

0 -1

Lifting and lowering of tensor indices will be performed in the following by
7%f and n,,,, respectively. Then

y*f = _pob (2.4a)
is valid. Additionally we demand the de Donder condition given by
hya]a - %hm =0, (h= he™) (2.4b)

According to (2.4b) in the linear approximation the second term in (2.3)
vanishes and we obtain, with the use of (2.4) and (2.4a),

’n‘w‘lf{“g,} - huV‘I’]uw - 21'(6/7!6)1’]“1)/4“\1/1,, + 2i(€/hc)l’l”VAu‘I’zv

—(e/hc)*n*P 4,4,T + (e/he)* A4, A, — (mc/h)? ¥ =0
(2.5)
With the magnetic vector potential A ={4,} and the electric potential energy
V =—edy, Eq. (2.5) can be written

1 8?2 e L. Voov e\? , 7\?
AW_?E‘E\I’—mTT(gAgmd\P_“Z—_——_M -} AT +|{—] ¥

2
- (-”;TC) Y+G=0 (2:6)

where the abbreviation
G =—h*" ), , + 2i(e/hc) P A, W), + (e/hc)* WP 4,4, (2.6a)

represents the deviation of Eq. (2.6) from the Klein-Gordon equation in
flat space-time in consequence of the interaction with the gravitational field.
Splitting the terms of (2.6a) in view of the derivatives with respect to space
and to time we find

G=—hPW 1 — 2h4W 4 — KO g 4 + 26(e/RONP A, T,
+ 2i(e/ e A, W 4 + (e/he) WP 4 ,4,% (2.6b)

wherein Latin indices, as in the following, run from 1 to 3. The relation
(2.6b) represents the interaction operator with the gravitational field applied
to the wave function ¥ in the framework of the Klein-Gordon theory.

2 We choose the coordinate x4 = ¢t.
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3. Transition to the Schridinger Theory

For calculation of the transition probabilities in the case of excitation by
gravitational waves we restrict ourselves to the nonrelativistic quantum
theory. The nonrelativistic limit of Eq. (2.6) will be obtained by neglecting
the terms proportional to negative powers of the velocity of light. Further-
more, it is to be taken into account that the energy in the relativistic theory
is greater than in the nonrelativistic one by the amount of the rest energy
me?; therefore we choose the usual relation between the relativistic wave
function ¥ and the Schrodinger wave function $:

W(xk) = ¢ Hme MYttty @3.1)
Herewith we get from Eqgs. (2.6) and (2.6D) at first:
AD + 213;:— 2@ 2;1"% Ve — 21'% Agradcp-§§2—- i%%‘—f— (i)iﬁb
+ (—%)2 @+ (’Z‘) B 2 g — By + 26 K %9;
+ 2-%—2 n4A4,® — 20 -Z— D, + 21 h“ A, Py, — b iza(fz
+2i ; 4 ‘;E + (hec)Z hA4,4,2=0 (3.2)

-2

Neglecting in (3.2) all terms up to the explicit order of ¢™* we obtain the

generalized Schrodinger equation:

n? oD #
L AP+ VO - i A grad @ +mc2h® + inch®
2m ot mc
-1 f‘!—z—habqn +mh44?~?+ehﬂ“A @—ﬁha“i@
m lalb dt ® me ar @
wiP oy o —g (3.3)
me u¥la .

where all the terms containing components of %,,,, result from the interaction
with the gravitational field. It is of interest that the fifth term corresponds

to the third one and the sixth term to the fourth one describing the usual
interaction with the electromagnetic and the *gravitational” four-vector
potential, respectively, whereas the remaining terms of the gravitational
interaction originate from the tensorial character of the gravitational field
and consequently do not possess an electromagnetic analogy. In the follow-
ing we specify the gravitational interaction operator for several gravitational
fields.
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3.1. Interaction Operator for Stationary and Static Gravitational Fields

The stationary gravitational field is characterized (choosing suitable co-
ordinates) by
Bupia=0,  hyy=0("? (3.4)
Herewith Eq. (3.3) takes the form, neglecting all the terms proportional to
¢~ and smaller,
2 3%
Lo AP +ih——Vd—i xul A grad ® + 3mc?h**® + ihch®®|, = 0
2m at mce (3.5)
Accordingly in stationary fields the electromagnetic and gravitational inter-
action corresponds exactly to one another.

In the static Newtonian approximation of gravitational fields the following
is valid:
Yu

hll = h22 l’l33 h44 =) 2, h’“) = 0 otherwise (36)

where % is the (negative) Newtonian gravitational potential. With (3.6) Eq.
(3.5) results in the absence of magnetic fields (A = 0) in

(h%[2m) A® — (V + mU) & = —ih 9D[ot (3.7

which is exactly the expected form of the time-dependent Schrodmger
equation in the case of static Newtonian gravitational fields.3

3.2, Interaction Operator for Gravitational Wave Fields
In the case of linearized plane gravitational waves the metric takes the
general form
M) = —hyy(u) #0, hy)#0,  hy,=0otherwise;  u=r—x/c
(3.8)
if the wave propagates in the direction of the x* coordinate. A corresponding
representatlon of hy,, is valid, if the propagation direction is determined by

the x! or x? coordinate. Then the Schrodinger equation (3.3) simplifies to
n? eh h? eh P
S AP - VO —i— Agrad d— o B g1+ i h = —ih—
. I gra. m h la|b lmc Abq)m in 37
(3.9

Accordingly in the absence of magnetic fields (A = 0) the interaction operator
with gravitational waves is given by

hZ yev O a a
2m ax* ax

3 It may be of interest, that even in the case of purely gravitational interaction (V = 0)
the mass of the particle does not fall out in spite of the validity of the equivalence
principle. Therefore the gravi-quantum-mechanical effects depend on the mass of the
considered particles in general.

=2 (3.10)



398 N. GRAFE AND H. DEHNEN
and the Schrodinger equation reads

n? n? ad
— A — VO — — KD, = —ih— 11
o th lalp = —ih o7 (3.11)

4. Interaction Operator According to the Dirac Theory

Subsequently we will show that in case of gravitational waves the inter-
action operator (3.10) follows also from the covariant Dirac equation in the
nonrelativistic limit. We start with the covariant Dirac equation (cf., e.g.,
Schmutzer, 1968; Nowotny, 1972):

Y[y, — ie/hc)d, ] — (me/m)¥ =0 (4.1)
wherein
Wy = Vip— Iy (4.1a)
is the covariant spinor derivative with the spinorial connection coefficients
Ty =1k g Py, (4.1b)

defined by the use of the orthonormal tetrad field /,,(,).* The generalized
Dirac matrices y* satisfying the relation y*v” + y"v* = 2¢g"” are given by

= h“(p)y(p) (4.1¢)

where 7(") are Dirac’s standard matrices.

Restricting ourselves to linearized gravitational plane waves propagating
in the direction of the x> coordinate we take with respect to the metric
(3.8) the following tetrad field:

By =(1+ $hip 3Ry, 0, 0); hayt = (1 — $h1y, —3h1p, 0,0)
h(z),u = (%h'u, 1- %hn» 0, 0); h(z))u = (—%.hn, I+ %hu» 0,0
iy = (0,0, 1,0) h(3)“ =(0,0,1,0) 4.2)
By = (0,0,0,-1); /’1(4)‘m =(0,0,0, 1)

Herewith we get from (4.1b) with the use of (4.1c) and (3.8) by a simple
but long calculation the result

T, =0 (4.3)

Consequently Eq. (4.1) takes with respect to (4.1a), (4.1c), and (4.2) the
following form:

Y OT 318y, — A D — i/ DAY + i(ef 2R P4 T
+ i(e/hyY P A4 Y — (me/h)y¥ =0 (4.4)

4 The index within the bracket means the tetrad index. The orthonormal tetrad field
T (p) satisfies the compileteness relations a0y = 1(ap)» Iz“(p)h,,(p) = gup-
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wherein the spacelike and timelike terms are already separated. Neglecting
magnetic fields (4, = 0) we get from (4.4), after multiplication with icAy(%)
from the left-hand side,

opacV — 3eh® yaPp, ¥ + VU + me?f¥ — ihd /ot =0 (4.5)
with the abbreviations
ISV ON )
B =iy® (4.52)
Do =—ih 30x°

and with ¥V = —ed, as electric potential energy. Equation (4.5} represents the
special-relativistic form of the Dirac equation expanded by the second term
on the left-hand side, which describes the interaction of the gravitational
wave with the spinor field W.

For the transition to the nonrelativistic theory we set in analogy to (3.1)

W(xk) = e~ T0n MGk (4.6)
Herewith Eq. (4.5) takes the form
apc® — Sch ol p,® + VI + me2pd — in0djor - m2d =0 (4.7)

With the usual ansatz

Bx) = (ig:;) (4.80)
we obtain from (4.7) using the representation
aa=(0 GQ), 5=(1 0) (4.8b)
¢ 0 0 -1
(0% Pauli matrices) the following two second-rank spinor equations:
0*PcX + Vo =ih 0ot (4.9a)
0®Pc® +(V — 2me?)X = ih 0X/0t (4.9b)
Here
Py =(8,"~4h s (4.9¢)

is the generalized momentum operator containing the interaction with the

gravitational wave. In the nonrelativistic limit (| V] < mc?, ik 3X/9t] < mcziXi)

Eq. (4.9D) gives
X=(0%P,[2mc) @ (4.10)
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and herewith Eq. (4.9a) results in:

“g*P,P
994 by 4 oo =inod/or (4.11)
2m
With the relation
0%a? =% +ie*%Cq, (4.12)

(e*?¢ is the permutation symbol) we get from (4.11)
(1/2m)(P°P, + ie*®€ 0, P,P,)D + V® = il 3®[dt (4.13)

where in the linear approximation with respect to the metric (3.8) and the
definition of P, according to (4.9¢) and (4.5a)

n’ 3 3 (3 3
b =
€20 PPy =— 03 [(a_z hu)'é‘;i* (5; /112) 5;5]

n? 3 3 3 3
I — e e | — ———
¢ [(ar hz‘) ox! (arh“) ax2] (4.142)

PP, =pp, — h*Pp,pp (4.14b)

and

Evidently, the terms (4.14a) are proportional to ¢! in contrast to the terms
{4.14b) and must therefore be neglected in the nonrelativistic limit of Eq.
(4.13). Herewith Eq. (4.13) goes over into the generalized Schrodinger equation
[using the definition of p, according to (4.5)]:

n? L)

hZ
— AD — VP — — p2Y = il — )
2mA & 2mh Dy p = —ill Py (4.15)

This result is identical with Eq. (3.11). Thus also according to the Einstein-
Dirac theory the interaction operator of a quantum mechanical system with
a gravitational wave is in the nonrelativistic limit defined by
n? 3 2
W=—hn?—— 4.16
2m ax“ ax? (4.16)

in agreement with Eq. (3.10).

S. Excitation of a Linear Harmonic Oscillator by Gravitational Waves

Now the excitation of a linear harmonic quantum mechanical oscillator
through a gravitational wave will be calculated by the usual time-dependent
perturbation method. Hereby we regard the gravitational potentials 4, as
small perturbations of the flat space-time, in which the harmonic oscillator
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possesses well defined orthonormal eigenstates

Oy = o (x?) e~ Extlh (5.1a)
with the energy eigenvalues £ satisfying the undisturbed Schrédinger equation
(B2 2m)ADy — V&, =—ih 0D, [0t (5.1p)

The perturbation of the oscillator by the gravitational wave will be taken into
account by expanding the perturbed wave function ® with respect to &y
according to

$= % ak(t)q)k (52)

and by solving the perturbed Schrodinger equation (3.11) or (4.15) with the
use of (5.2). The potential V of the oscillator shall not be influenced by the
gravitational perturbation {(ideal oscillator).
Thus the insertion of (5.2) into (3.11) or (4.15) yields, using the Egs. (5.1)
and the orthonormality of the eigenfunctions $y,
adk

in ”é‘; = ; Wklal ei(E"f“Ef yih (53)

wherein the matrix elements [cf. (4.16)]

h2
Wi = f&p;’fww d*x = ’2;5 Py a1 Px (5.32)

contain the interaction with the gravitational wave. The physical meaning of
[ ai(7)1? is the probability for finding the perturbed oscillator in the state
{ k) at the time z. For solving Eq. (5.3) we use an iteration method starting
from the initial state, that the oscillator is at the time ¢ = 0 in the state [ #)
[a)(t = 0)=§;,). Herewith we get from (5.3) by a time integration in the
first iteration step

t

1 ] ’ I ! ’
G == 1 [ Wl B 00 (5.4)

0

to which we will restrict ourselves in the following. Then the transition
probability from the state | 727 into the state | k) is given by

W = (10| G () 12 (5.5)

5.1. Transition Probabilities

In view of the matrix elements (5.3a) of the interaction operator W and
with respect to the wave metric (3.8) the linear oscillator will be excited only
if its linear extension has a component orthogonal to the direction of the
wave propagation, which we have chosen as the direction of the x? co-
ordinate. Therefore the oscillator shall lie in the x!, x? plane at x3 = 0,
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Figure 1-Wave coordinate system x! =x, x2 = y, x3 =z, and oscillator coordinate
system x¥' =x', x2' =y', x3' =7'. The wave propagates along the z axis. The oscillator
lies on the x’ axis at the origin.

The coordinate in the direction of the oscillator may be signified with

x = ', whereby the angle between the x!' and the x! axis is called ¢, see
Fig. 1. Furthermore, we restrict ourselves to linearly polarized gravitational
radiation, consisting of a superposition of compactly neighboring mono-
chromatic components, which is possible in the linear approximation of
Einstein’s theory. Specifying (3.8) in this sense we get for the wave metric
at the position of the oscillator (x* = 0)

}ob = pab z %Al_(e_iwjt~ia]- + eiwjt+ia]-)
(5.6)
EY = E22 =1, E% = 0 otherwise

where 4; represents the amplitude and ; the (arbitrary) phase of the mono-
chromatic wave with the frequency w;. Accordingly the angle ¢ (Fig. 1)
means the angle between the polarization of the gravitational wave described
by the trace free tensor £4% and the direction of the oscillator.’

For calculation of the matrix elements (5 3a) and the expansion coefficients
(5.4) it is suitable to use the coordinate x'' = x" of the oscillator as independent
variable. Then in view of (5.3a) only the knowledge of nt'1 js necessary
because the eigenfunctions g, of the undisturbed linear oscillator are dependent
on the variable x" alone. From (5.6) we obtain immediately at the position of
the oscillator

P = pM cos 20=4 cos 29 3 A TR 4 gty (5.6a)
i

5 The linear dimension of the oscillator shall be considered small against the wavelength
of the radiation.
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and Eq. (5.4) reads, in view of(5.3a)

m 02
e (D) = —COS 24%8 75 O dx'
f , .
x 3 4 [ [e{(@icn = WPT — 0§ 4 Hwkn ™ WPt +iapy gy (5.7)
Py

with the abbreviation

kn = (Ek - En)/h (5.73)
At first we perform the time integration in (5.7) and obtain
¢} n 3?2 ,
Aen (f)*-zn;COS 29 jtﬁzm% dx
P LT
X Z {—L“——-A ¢ [{wrn=@DT _ 1] + _Are [¢i{Wknt @t _ 1]
Wip ~ Wj Wi T w0y

(5.8)

The first term of the sum contributes a large amount only in case of
Wj = Wy = (By — E,)/H and describes the absorption process, through
which the oscillator goes over from the energy state E,, into the energy state
Ey > E,,. On the other hand the second term of the sum becomes very large
in case of w; = —wy, = (&, — Ex)/h and represents the induced emission
process, through which the oscillator goes over from the energy state £,
into the energy state £y < E,,. Because of the symmetry of the expressions
for both processes we can for their calculation restrict ourselves to the first
one. Then we obtain for the transition probability of the absorption accord-
ing to (5.5) and (5.8):

2

16m2t

2

2 * a r2
cos Z‘P“-‘Pké—x:‘z‘%dx

Woox =

. —i(a; — ap)
< z A4y e [¢/(Wkn = WPt _ 1] [¢~Hwhn — WDt _ 1]
7 (wn — ) (wpen — 1)
, (5.9)

In this double sum only the terms with w; = w; = wWgy,, that means the terms
J =1, contribute the largest amounts, so that (5.9) can be written in good
approximation

2 N 82 , 2
Wk = o 0052 2«)1 [ o 0 ax
Sln w; M
x Z | 4;1 HC L)) (5.10)

(wrn — w])
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Subsequently for calculation of the sum in (5.10) we substitute it by an
integral according to:

4 2sm 3 (win — W)t 4 , sin 2 3 (e — w)t
2[ ‘ (wkn ])2 'gi ( )g ( kn_'w)2

wherein |4(w) |? means the spectral intensity of the gravitational wave, [cf.
Eq. (5.18)]. The integrand of (5.11) possesses a high maximum at w = wy,
the neighborhood of which contributes large amounts to the integral only,

so that under the condition of slow variability of | A(w)|? in the range of this
maximum the integral (5.11) can be estimated as follows:

w (5.11)

2 sin? Hwpp — W)t

d
(@ —@)?

[ 14
¢]

~ LA 2 sin? % (wpy — W)E
" b ((‘)lm - w)2

dew = 125 HAw) 2 (5.12)

Herewith Eq. (5.10) takes the form
2

h? 3 5
Woooi = 2y c05? 291 Alcora) ) [y pom@¥ - (:13)

The same expression will be found taking into account the second term of
the sum in (5.8). Therefore W, x, Eq. (5.13), is the transition probability
firstly for absorption of gravitational waves by an oscillator in the case of
Ey > E,, and secondly for induced emission of gravitational waves in the
case of B, <FE,,.

Furthermore the transition probabilities for the absorption n = k and the
induced emission of gravitational waves k — # are equal as can be shown by
a transcription of the matrix element in (5.13). Starting from the undisturbed
time-independent Schrédinger equation of the linear harmonic oscillator [cf.

Eq. (5.1}

9?2 2m m ,
5—";@0”+E{<En—5&)02x2>¢,¢=0 (5.14)
X

wherein w, is the eigenfrequency of the oscillator, we obtain with the help

of the orthogonality of the eigenfunctions g,

8?2 [ mewg\? p
jcp; ¥ dx' = (__‘;;_a) j opx%e, dx',  k#n  (5.14a)

Using the mass-quadrupole tensor of the oscillator

Qu' v’ = 3mBxyxy — 0y ) (5.14b)
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we find from (5.14a) the relation (k # 1)

82 Mwo?
fw?f 32 Pn dx' = 2 jkal 1o dx' (5.15)
and herewith Eq. (5.13) results in
04
Wnerie =78 008?201 A(wna) 1 [ ok Qrren dX' P (5.16)

Evidently, the square of the matrix element in (5.16) is invariant against
changing £ and #, so that the transition probabilities for absorptionn = %
and induced emission k& - n are equal:

Wnﬁkzwk_,n (5163)

Moreover, the transition probabilities W, are determined by the product
between the square of the matrix element of the mass-quadrupole of the
oscillator and the polarization of the gravitational wave expressed by the
angle ¢. Accordingly Eq. (5.16) can be written with respect to (5.6) and
(5.14b) in the general form

_ W
W O

e T | A(wgn) 1 EP f 0k Qupen d°x |2 (5.17)

where the undashed primordial coordinates are used (see Fig. 1). Of course
the transition to any other coordinates is possible because of the scalar
character of (5.17).

On the other hand we note that the square of the spectral amplitude of
the gravitational wave in (5.13), (5.16), and (5.17) can be expressed by the
spectral energy density of the radiation. One finds with the use of the
Landau-Lifshitz energy pseudotensor for the metric (5.6) as mean spectral
energy density

P(xen) = (ienc?/327f ) | A(wopn) 12 (5.18)

(fis Newton’s gravitational constant). Similarly to the electromagnetic case
Einstein’s transition probabilities B, for absorption and induced emission
of gravitational waves can be introduced according to

Whek = pBuzi (5.19)
where, with respect to (5.17) and (5.18)
167%  we'f

ab & 3,12
5wzl E | 0 Qupon x| (5.192)

Bn;:k =

5.2. Selection Rules

For determination of the selection rules we calculate the matrix elements
(5.15), wherein the eigenfunctions y,, of the oscillator are given by the well-
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known relations

V4
| mwy v, (8)
o _( i ) @) (5.20)
with
@ = FPRH,(),  E=xVmaolh (5.208)
(H, are H?rmitelpolynomials). For the functions v, () there holds the
recursion formula
9 § 1 1
'a_g_zvnzflun+2"(n+“i)vn ta(n—1)v,_, (5.21a)
and the relation of orthogonality
3 00
[ om(® va(®) d = 270 772, (5.21b)
Herewith the matrix elements (5.15) take the form
0?2 mew _ 82
[ot gmon ax' =20 @ ki w72 [ 573 U 48
[(n+ D)(n+2)]Y? fork=n+2
="2“7‘:° x { (<2)(n+}) fork=n  (522)
[n(n—1)] V2 fork=n-2
0 otherwise

Accordingly for absorption and induced emission of gravitational waves by an
oscillator there exists the selection rule

An=1%2 (5.23)
Therefore it follows from the energy eigenvalues E,, = hwq(n + 3) for the
absorbed or emitted frequency wy, according to (5.7a):
| Wi | = 2wy (5.24)
With the relations (5.22) and (5.24) the transition probabilities for

absorption and induced emission of gravitational waves by an oscillator can be
written using {5.13) or (5.16) [cf. (5.15) and (5.16a} ):

Wpenta = (1/32) wo? cos® 20[4(2we) P(n+ )(n+2)  (5.25)
The absorbed or emitted energy per second is given after multiplication with
27!(1)0 by
Lyonia =(@/16) sy’ cos? 2014Qw) 12 (n+ D(n+2)  (5.26)

Evidently for n > 1 the power L, .+ of the oscillator increases quadratically
with the quantum number 7.
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5.3. Effective Absorption Power of Oscillators

The last result suggests, that the absorption power of oscillators increases
very rapidly for higher excitation states. However, it must be taken into
account that not only do oscillators in the state | 1) absorb energy going
over into the state |# + 2), but also energy will be emitted by the oscillators
through transition into the state | #n — 2). Therefore the effective absorption
power of an oscillator in the state | n) is given by (compare van Vieck, 1924)

Ly = 200o(Wp s nea — Wnsn_2) (5.27)
Insertion of (5.25) results in (with respect to (5.18) and (5.24))
L, =5mhwy® cos? 201 AQ2we) 1? (n+3) (5.28)

=212 fhicwg cos® 20(n + 1) p(2we)/c?

Accordingly the effective absorption power of gravitational waves by
oscillators increases linearly with the quantum number 7 Thus oscillators
in highly excited states seem to be more appropriate for detection of gravita-
tional waves than oscillators in the ground state.

1t should be pointed out that, in contrast to Eq. (5.26), the result (5.28)
allows the transition to the classical theory in case of n> 1, taking into con-
sideration that then, as is well known,

1=~/2hnfwom (5.29)

represents the amplitude of the classical linear oscillator with the energy £,.
Thus one finds from (5.28) in the classical limit the following effective
absorption power for oscillators:

L =}nwo? cos? 20| A(2w) |1* mi? (5.30)

=72 fug? cos? 20 miP p(2wg)/c?

in accordance with the classical result of Misner (et al.) (1973), whereby
mi? is an immediate measure for the mass-quadrupole moment of the
oscillator.%”

6. Spontaneous Emission of Gravitational Radiation

With the knowledge of the transition probabilities for absorption and
induced emission it is possible to calculate the transition probabilities of the
spontaneous emission of gravitational radiation 4,,_, ; using the connection

Ay = (M, 1873 ¢ By (6.1)

6 1t should be remarked, that the classical results deduced in this paper are based on the
correspondence relation (5.29).
The quotient L/pc according to (5.28) and (5.30) represents the effective cross section
of the quantum mechanical and the classical oscillator respectively.
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derived first by Einstein {1917) (see also, e.g., Blochinzew, 1972). Insertion
of (5.19a) gives with respect to (5.24)

Iwkﬂlsf
Apop =——=
"R T2ancs
which represents the probability for spontaneous emission of a graviton per
second and solid angle element with a polarization described by the tensor
Eab,
Finally we calculate the total gravitational energy emitted by an oscillator

using the dashed coordinates (oscillator system, see Fig. 1). Then the quad-
rupole tensor of the linear oscillator obeys the relation

Ovy =—2077=-2035, Quy=0 ford#b'  (63)

and therefore in view of Eq. (6.2) only the diagonal elements of the polariza-
tion tensor £4% are to be determined for all radiation directions with the
angle 9 against the oscillator axis (x! «axxs). One gets

EVV =E"sin? 9
E?7? = E(cos? y cos? 9 — sin? x) (6.4)
E3¥ = E(sin? y cos® & — cos® X)

IE® [ 6§ Qupn 1 (62)

wherein £ = —~E?2 = 1 are the only nonvanishing components of the
polanzatlon tensor in the coordinate system determined by the radiation
direction (x? axis) and x is the rotational angle around the x1'-axis (see
Fig. 2). With (6.3) and (6.4) we obtain from (6.2) by muitiplication with
7| @y, | the following mean energy loss radiated into the solid angle
element dS2:

dE wknf 2
dl== = 9 o, dx' [2dQ 6.5
(dz‘lﬁk e — " sin* lf«kauwn | (6.5)

Z
|
[T
N/
y |
|
§
i
yl

_’*%"
Ay

Figure 2—Orientation of the oscillator system (x’, ¥, z') and the wave system (x, y, 2).
The z, x', and x axes lie in the same plane in view of the linear polarization of the
gravitational wave emitted by the oscillator (x" axis) in the direction of the z axis.
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assuming that the wavelength of the gravitational radiation A = m¢/wy is
large against the projection of the linear dimension of the oscillator given by
(5.29) in the direction of the wave. Integration over the total solid angle
yields

dE Winf | [ 2
e = e 1pn d 6.6
(df)n—»k 15¢° ljkallwn x| (6.6)
This total mean energy loss per second corresponds exactly to the classical
result regarding Eq. (5.24) for the emitted frequency (| wy, | = 2wg) and
substituting the matrix element of the quadrupole operator by the mean
quadrupole tensor itself (compare Rosen & Shamir, 1957; Landau & Lifshitz,
1967).

With the relation (5.15), the cdlculation of the matrix elements (5.22),
and the emitted frequency (5.24) we get from (6.6) immediately as energy
loss by spontaneous emission from the state |#)

dE 1672wyt
(-L-f—l-) R —1‘# n(n - 1) (67)
n

Accordingly the gravitational radiation energy emitted by an oscillator
increases very rapidly for higher excited states (~n2). For the two states
n=0and n= 1 there exists no emission of gravitational radiation because of
the selection rule An= %2 [compare (5.23)].

In the classical limit (n > 1), it follows from (6.7) with the use of (5.29)

dE 4 fwe®

PR (mi?)? (6.8)

wherein i/ ? represents, as in Eq. (5.30), a measure for the mass-quadrupole
moment of the oscillator. This result for the mean energy loss coincides with
that of the classical theory in consequence of the exact correspondence

between the quantum mechanical formula (6.6} and the classical expression.
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